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The progress in optical clock with uncertainty at a level of 10−18 requires unprecedented preci-
sion in estimating the contribution of multipolar and higher-order effects of atom-field interactions.
Previous theoretical and experimental results of dynamic multipolar polarizabilities and hyperpo-
larizabilities at the 813 nm magic wavelength of the Sr clock differ substantially. We employ the
sum-over-states method to calculate dynamic multipolar polarizabilities and hyperpolarizabilities
for the Sr and Mg clocks. Our differential dynamic hyperpolarizability at the magic wavelength of
813.4280(5) nm for the Sr clock is −2.09(43)×107 a.u., which agrees well with the recent theoretical
and measurement results. Our differential multipolar polarizability of the Sr clock is 2.68(94)×10−5
a.u., which is consistent with the theoretical work of Porsev et al. [Phys. Rev. Lett. 120, 063204
(2018)], but different from recent measurement of Ushijima et al. [Phys. Rev. Lett. 121, 263202
(2018)]. In addition, the lattice light shifts as the detuning and trap depth changed are studied in
detail by using present multipolar polarizability and hyperpolarizability. It illustrates that for the
Mg clock, there exists a distinctive operational lattice depth of 5.3(1)ER that allows the total light
shift reduced to less than 1× 10−18 over the trap depth variation of 4.1ER < U < 6.4ER.
PACS numbers: 31.15.ac, 31.15.ap, 34.20.Cf
I. INTRODUCTION
The last few years have witnessed significant advances
in optical clocks, which enable a wide range of applica-
tions, such as redefine the unit of time [1, 2], test the
local Lorentz invariance [3, 4], probe dark matter and
dark energy [5, 6], search variations of the fundamental
constants [7–9], and detect gravitational wave [10]. At
present, the highest fractional accuracy of optical clocks
has reached the level of 10−19 based on the Al+ [11],
while the uncertainty for the Sr [12, 13] and Yb [14] opti-
cal lattice clocks has achieved an accuracy of 10−18 level.
Aiming to develop optical clock with uncertainty and sta-
bility below 10−18, a better understanding and meticu-
lous control of the atom-field interactions would benefit
for the realization of a new generation of higher-precision
optical clocks.
Stark shift as one significant sources of systematic
uncertainty for most clocks [12–14], it’s closely related
to the polarizabilities and hyperpolarizabilities of clock
states. Employing a magic wavelength optical lattice [15–
17] can eliminate the leading-order of Stark shift, but
can’t cancel the residual multipolar and higher-order
Stark shifts for optical lattice clocks. At the level of 10−19
accuracy, the effects on the systematic uncertainty of the
clocks from the multipolar and higher-order atom-field
interaction need to be quantitatively studied [18–21].
For the Sr atom, the differential dynamic multipolar
polarizability of ∆αQM (ω) at the magic wavelength has
*Email Address: ybtang@htu.edu.cn
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contradictions among available theoretical and experi-
mental results. The latest measurement is −8.01(33) ×
10−5 a.u. [21], which disagrees with the recent theoretical
result of 2.80(36)×10−5 a.u. [20] and previous experimen-
tal value of 0.0(2.6)× 10−5 a.u. [22], even the sign is op-
posite. In addition, the differential dynamic hyperpolar-
izability at the magic wavelength also has discrepancy in
theory and experiment. The recent RIKEN experimen-
tal result of −2.10(7)× 107 a.u. [21] agrees well with the
SYRTE measurement of −2.01(45)×107 a.u. [22, 23] and
the theoretical calculation of −1.5(4)× 107 a.u. [20], but
is inconsistent with the zero value of −1.3(1.3)× 107 a.u.
measured by JILA [12]. Especially, the single-electron
approximated result of −3.74×107 a.u. [19] is not within
the error bar of any other existing theoretical and exper-
imental results. Therefore, carrying out an independent
ab-initio calculations is expected to solve these discrep-
ancies.
The Mg atom is a potential candidate for developing a
new time-frequency standard because of its smaller BBR
shift [24–26]. However, compared with the Hg, Sr, and
Yb clocks, confining the Mg atom to an deeper optical
lattice to suppress tunneling requires larger laser inten-
sity due to larger photon recoil energy [23, 26–28]. At
this situation, the suppression of the lattice-induced light
shifts, that related to the dipole polarizability, multipo-
lar polarizabilities, and hyperpolarizabilities, is critical to
ensure the Mg clock fractional uncertainties to the level
of 10−17 accuracy.
At present, there is only one available literature about
the multipolar polarizabilities and hyperpolarizabilities
at the measured magic wavelength [26] of the 1S0 −
3 P o0
transition of the Mg atom, which is carried out using
the single-electron Fues’ model-potential approach [27].
2However, from the comparison of the multipolar po-
larizabilities and hyperpolarizability of the Sr atom, it
has been seen that the results obtained from the single-
electron approximation [27] have large discrepancy with
the ab-initio calculations of Ref. [20], which are calcu-
lated based on solution of the inhomogeneous equation.
This indicates that an independent and reliable theoreti-
cal calculations of the multipolar polarizabilities and hy-
perpolarizabilities are required for accurate evaluation of
the light shift of the Mg lattice clock.
In this paper, we develop an effective method by com-
bining the Dirac-Fock plus core polarization (DFCP) and
relativistic configuration interaction (RCI) approaches
for the relativistic calculation of the divalent atoms, and
apply it to calculate the dynamic multipolar polarizabil-
ities and hyperpolarizabilities at the magic wavelengths
for the Sr and Mg clock states. In addition, we evaluate
the multipolar and high-order light shifts of the Sr and
Mg clocks that caused by the multipolar polarizabilities
and hyperpolarizabilities.
II. THEORETICAL FRAMEWORK
A. The combination method of DFCP and RCI
The basic strategy of present theoretical method is that
a divalent electron atom is simplified as a frozen core part
and valence electron part. The detailed calculations can
be divided into three steps. The first step is the Dirac-
Fock (DF) calculation of frozen core part to obtain the
core orbital functions ψ(r) [29].
The second step is to solve the followed DFCP equation
to obtain the single-electron wave functions φ(r),
hDFCP(r)φ(r) = εφ(r) , (1)
where hDFCP represents the DFCP Hamiltonian,
hDFCP(r) = cα · p+ (β − 1)c
2 + VN (r) + Vcore(r) , (2)
where α and β are the 4 × 4 Dirac matrices, p is the
momentum operator for the valence electron, VN (r) is
the Coulomb potential between a valence electron and
nucleus, Vcore(r) represents the interaction potential be-
tween core electrons and a valence electron, which is ap-
proximated as a DF potential and a semi-empirical one
body core-polarization interaction potential [30],
Vcore(r) = VDF(r) + V1(r) , (3)
with
V1(r) = −
αcore
2r4
[1− exp(
r6
ρ6κ
)] , (4)
where αcore is the static dipole polarizability of the core.
In present calculation, αcore = 5.812 a.u. [31] and 0.489
a.u. [32] are adopted for the Sr and Mg atoms, respec-
tively. ρκ is the radial cutoff parameter which is tuned to
reproduce the experimental binding energy of the lowest
state of each κ angular quantum number. The core wave
functions ψ(r) obtained in the first step are used to eval-
uate the matrix elements of the DF potential VDF(r) [29].
The third step is configuration interaction calculation
of a divalent electron atom. The eigen equation can be
expressed as
(
2∑
i
hDFCP(ri) + Vij)|Ψ(piJM)〉 = E|Ψ(piJM)〉 . (5)
The two-particle interaction potential is
Vij =
1
rij
+ V2(rij) , (6)
the first term is the Coulomb interaction between two
valence electrons, the second term is two-body core-
polarization interaction with the functional form [33, 34],
V2(rij) = −
αcoreri · rj
r3i r
3
j
√
[1− exp(
r6i
ρ′κ
6 )][1 − exp(
r6j
ρ′κ
6 )](7)
where ρ′κ is fine-tuned on the ρκ that optimized in the
second step to get accurate energy for the divalent atoms.
The wave function |Ψ(piJM)〉 with parity pi, angu-
lar momentum J , and magnetic quantum number M of
the system is expanded as a linear combination of the
configuration-state wave functions |ΦI(σpiJM)〉, which
are constructed by the single-electron wave functions
φ(r) obtained in the second step [35, 36].
|Ψ(piJM)〉 =
∑
I
CI |ΦI(σpiJM)〉 , (8)
where CI and σ are the expansion coefficients and the
additional quantum number to define each configuration
state uniquely, respectively. Throughout the present cal-
culations, the basis functions are constructed by using
the Notre Dame basis sets [37].
B. Dynamic multipolar polarizability and
hyperpolarizability
For atoms trapped under a 1D optical lattice with the
laser frequency ω and the linearly polarized laser field
intensity I, the light shift can be written as
h∆ν =
[∂∆αE1(ω)
∂ν
δL −∆α
QM (ω)
]
(nz +
1
2
)
√
ER
αE1(ω)
I1/2
− [
∂∆αE1(ω)
∂ν
δL +
3
8
ER
αE1(ω)
∆γ0(ω)(n
2
z + nz +
1
2
)]I
+
1
2
∆γ0(ω)
√
ER
αE1(ω)
(nz +
1
2
)I3/2 −
1
4
∆γ0(ω)I
2 ,
(9)
3where δL is the lattice detuning relative to magic wave-
length, nz is the vibrational state of atoms along the
z axis, αE1(ω) is the dynamic dipole polarizability at
the magic wavelength, ER = h
2/(2Maλ
2
m) is the lattice
photon recoil energy with λm and Ma being the lattice
magic wavelength and atomic mass, and ∆αQM (ω) =
∆αM1(ω)+∆αE2(ω) with ∆αM1(ω) and ∆αE2(ω) being
respectively the dynamic magnetic-dipole and electric-
quadrupole polarizabilities for the initial state |0〉 ≡
|n0, J0 = 0〉 (n0 represents all other quantum num-
bers) [38],
αM1(ω) =
2
3
∑
n
∆En0|〈0‖M1‖nJn〉|
2
∆E2n0 − ω
2
, (10)
αE2(ω) =
1
30
(αω)2
∑
n
∆En0|〈0‖Q‖nJn〉|
2
∆E2n0 − ω
2
, (11)
where M1 and Q are, respectively, the magnetic-dipole
and electric-quadrupole transition operators. ∆En0 rep-
resents the transition energy between the initial state |0〉
and the intermediate state |nJn〉. α is the fine structure
constant.
In the Eq.(9), ∆γ0(ω) represents the differential hyper-
polaribility between the upper and lower energy levels of
a clock transition. For the J0 = 0 state, the dynamic
hyperpolarizability γ0(ω) is expressed as,
γ0(ω) =
1
9
T (1, 0, 1, ω,−ω, ω) +
2
45
T (1, 2, 1, ω,−ω, ω) ,
(12)
with T (Ja, Jb, Jc, ω1, ω2, ω3) expressed as the followed
general formula [39],
T (Ja, Jb, Jc, ω1, ω2, ω3) =
∑
P
[ ′∑
mambmc
〈0‖Dµ1‖maJa〉〈maJa‖D
µ2‖mbJb〉〈mbJb‖D
µ3‖mcJc〉〈mcJc‖D
µ4‖0〉
(∆Ema0 − ωσ)(∆Emb0 − ω1 − ω2)(∆Emc0 − ω1)
+(−1)Ja+Jc+1δ(Jb, J0)
′∑
ma
〈0‖Dµ1‖maJa〉〈maJa‖D
µ2‖0〉
(∆Ema0 − ωσ)
′∑
mc
〈0‖Dµ3‖mcJc〉〈mcJc‖D
µ4‖0〉
(∆Emc0 + ω2)(∆Emc0 − ω1)
]
, (13)
where Dµi is the dipole transition operator, and ωi are
the frequencies of the external electric field in the three
directions with ωσ = ω1 + ω2 + ω3.
∑
P
implies a sum-
mation over the 24 terms generated by permuting the
pairs(-ωσ/D
µ1), (ω1/D
µ2), (ω2/D
µ3), (ω3/D
µ4), the su-
perscripts µi are introduced for the purpose of labeling
the permutations [39, 40], and the prime over the sum-
mation means that the intermediate state of |miJi〉 ≡
|n0, J0 = 0〉 (i = a, b, c) should be excluded in Eq.(13).
It’s noted that the relationship between our hy-
perpolarizability γ0(ω) and the β(ω) of Porsev et
al. [20] is γ0(ω) = 4β(ω) [41], which indicates both
of T (1, 0, 1, ω,−ω, ω) and T (1, 2, 1, ω,−ω, ω) terms in
Eq.(12) are four times of Y101(ω) and Y121(ω) of Ref. [20],
respectively. Compared with the dynamic multipolar po-
larizabilities, the calculation of the dynamic hyperpo-
larizabilities using the sum-over-states method is much
more challenging, since the T (Ja, Jb, Jc, ω1, ω2, ω3) term
involves three summations over a large number of inter-
mediated states. This makes it more difficult to calculate
the dynamic hyperpolarizability of the clock atoms with
high accuracy.
In present work, we perform a large-scale
configuration-interaction calculations by construct-
ing sufficient configurations in an appropriate cavity
to make sure the completeness of intermediate states,
which guarantees the accuracy of the dynamic multipolar
polarizabilities and hyperpolarizabilities.
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FIG. 1: (Color online) Comparison of the ∆αQM (ω) (in a.u.)
of the Sr clock. The green line represents measurement re-
sults. The blue line represents our present value, and the
magenta line denotes other theoretical results.
III. RESULTS AND DISCUSSIONS
In order to test the correctness and reliability of
present method, we have calculated the dipole polariz-
ability of the Sr atom. For the static electric dipole po-
larizability α1(0), our values are 202(3) a.u. and 465(10)
4TABLE I: The dynamic magnetic-dipole and electric-
quadrupole polarizabilities (in a.u.) for the 1S0 and
3P o0 clock
states at the 813.4280(5) nm, 468.46(21) nm magic wave-
length of the Sr and Mg atoms, respectively. ∆αM1(ω) =
αM13Po
0
(ω) − αM11S0(ω) and ∆α
E2(ω) = αE23Po
0
(ω) − αE21S0(ω)
represent the difference for the clock states of the dynamic
magnetic-dipole and electric-quadrupole polarizabilities, re-
spectively. And ∆αQM (ω) = ∆αM1(ω) + ∆αE2(ω). The
numbers in parentheses are computational uncertainties. The
numbers in the square brackets denote powers of ten.
Sr Mg
Present CI+PTa CI+Alla Present
αM11S0(ω) 2.12(13)[-9] 2.19[-9] 2.37[-9] 9.93(60)[-12]
αM13Po
0
(ω) −5.05(31)[-6] −5.09[-6] −5.08[-6] −1.72(10)[-7]
∆αM1(ω) −5.05(31)[-6] −5.09[-6] −5.08[-6] −1.72(10)[-7]
αE21S0(ω) 9.26(56)[-5] 8.61[-5] 8.87(26)[-5] 4.25(26)[-5]
αE23Po
0
(ω) 12.44(76)[-5] 12.1[-5] 12.2(25)[-5] 9.90(59)[-5]
∆αE2(ω) 3.18(94)[-5] 3.50[-5] 3.31(36)[-5] 5.65(64)[-5]
∆αQM (ω) 2.68(94)[-5] 2.99[-5] 2.80(36)[-5] 5.63(64)[-5]
Others −3.60[-5]b 2.92[-5]c
0.74[-5]d
aRef. [20], bRef. [18], cRef. [27], dRef. [19].
a.u. for the 1S0 and
3P0 clock states, respectively, which
agree with the results of 198.9 a.u. and 453.4 a.u. of
Safronova et al. [42] within 3%. For the dynamic elec-
tric dipole polarizability at the 813.4280(5) nm magic
wavelength [43], our value of 293(17) a.u. is about 2.4%
different from the value of 286.0(3) a.u. of Ref. [42].
The detailed comparison of the energies for low-lying
states, the reduced matrix elements for low-lying transi-
tions, and the breakup of contribution to the static dipole
polarizability for both of the Sr and Mg atoms are pre-
sented in the Supplemental Material.
For the dynamic multipolar polarizabilities and hyper-
polarizabilities, since we have replaced our energies with
the NIST energies [44] in present calculation, the error
bar of our values mainly comes from the reduced ma-
trix elements. According to the detailed comparisons
for those reduced matrix elements that contribute signif-
icantly to the static dipole polarizability in our Supple-
mental Material, the differences between our values and
other published results for those transitions are within
3%, so we introduce ±3% fluctuation into the reduced
matrix elements to give the error bar of our values.
A. Comparison of the multipolar polarizabilities
and hyperpolarizabilities for the Sr clock
The detailed comparison between our values and re-
sults of Porsev et al. [20] about the dynamic magnetic-
dipole and electric-quadrupole polarizabilities of the 1S0
-4x107 -3x107 -2x107 -1x107 0
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FIG. 2: (Color online) Comparison of the 1
4
∆γ0(ω) (in a.u.)
of the Sr clock. The green line represents the experimental
measurement, the blue line represents the present result, and
the magenta line denotes other theoretical values.
and 3P o0 clock states at the 813.4280(5) nm [43] magic
wavelength for the Sr atom are presented in Table I. For
the 1S0 state, the dynamic magnetic-dipole polarizability
αM11S0(ω) is four order of magnitude smaller than dynamic
electric-quadrupole polarizability αE21S0(ω). Present re-
sults of the magnetic-dipole and electric-quadrupole po-
larizabilities are in good agreement with the CI+PT and
CI+All-order results of Porsev et al. [20].
For the 3P o0 state of the Sr atom, both of our α
M1
3P o
0
(ω)
and αE23P o
0
(ω) are in better agreement with the CI+All-
order results than the CI+PT values of Ref. [20]. Our
results of ∆αM1(ω) and ∆αE2(ω) are −5.05(31)× 10−6
a.u. and 3.18(94)× 10−5 a.u., which are consistent with
the values of −5.08 × 10−6 a.u. and 3.31(36) × 10−5
a.u. of Ref. [20], respectively. The final value for the
differential dynamic multipolar polarizability, ∆αQM (ω),
is 2.68(94)×10−5 a.u., which agrees well with the CI+All-
order result of 2.80(36)× 10−5 a.u. [20].
The detailed comparison of ∆αQM (ω) is clearly shown
in Fig. 1. The recent measurement of Ushijima et al. [21]
disagrees with earlier measurement of Westergaard et
al. [22], and there are significant differences among differ-
ent theoretical results. The results between ours and the
work of Porsev et al. [20], which are obtained from two
different theoretical methods, are consistent with each
other, but disagrees with the other two theoretical results
of the single-electron Fues model potential approach. Es-
pecially, the symbolic difference of ∆αQM (ω) between
theory and experiment still exists, which indicates that
further investigation of this problem would be important
in resolving the discrepancy in the Sr clock.
The dynamic hyperpolarizabilities of the 1S0 and
3P o0 states at 813.4280(5) nm [43] magic wavelength
for the Sr atom are listed in Table II. Since there
5TABLE II: The dynamic hyperpolarizabilities (in a.u.) for the 1S0 and
3P o0 clock states at the 813.4280(5) nm, 468.46(21)
nm magic wavelength of the Sr and Mg atoms, respectively. 1
36
T (1, 0, 1, ω,−ω, ω) = 1
9
Y101(ω), and
1
90
T (1, 2, 1, ω,−ω,ω) =
2
45
Y121(ω), where the definition of Y101(ω) and Y121(ω) can refer to the Ref. [20]. The numbers in parentheses are computational
uncertainties. The numbers in the square brackets denote powers of ten.
Sr Mg
5s2 1S0 5s5p
3P o0 3s
2 1S0 3s3p
3P o0
Present CI+Alla CI+PTa Present CI+Alla CI+PTa Present Present Otherb
1
36
T (1, 0, 1, ω,−ω,ω) −6.70[5] −6.18[5] −6.06[5] −7.88[6] −7.57[6] −7.50[6] 1.30[6] −1.34[6]
1
90
T (1, 2, 1, ω,−ω,ω) 1.49[6] 1.41[6] 1.33[6] −1.22[7] −6.58[6] −3.03[6] 3.40[5] 4.49[7]
Total for 1
4
γ0(ω) 8.20[5] 7.90[5] 7.25[5] −2.01[7] −1.42[7] −1.05[7] 1.64[6] 4.36[7]
Recommended 1
4
γ0(ω) 8.2(2.0)[5] 7.90(65)[5] −2.01(43)[7] −1.42(37)[7] 1.64(21)[6] 4.36(55)[7]
Recommended 1
4
∆γ0(ω) −2.09(43)[7] −1.5(4)[7] 4.20(59)[7] 2.07[7]
aRef. [20], bRef. [27].
a factor of 4 difference in the definition of the hy-
perpolarizability between our γ0(ω) and β(ω) of Por-
sev [20], we use 136T (1, 0, 1, ω,−ω, ω) =
1
9Y101(ω), and
1
90T (1, 2, 1, ω,−ω, ω) =
2
45Y121(ω) to make a direct
comparison with the calculations of Porsev et al. [20].
Our values for both terms of 136T1(1, 0, 1, ω,−ω, ω) and
1
90T1(1, 2, 1, ω,−ω, ω) are much closer to the CI+All-
order values than the CI+PT results of Ref. [20]. The
difference of 136T1(1, 0, 1, ω,−ω, ω) term for the
1S0 state
between present value and CI+All-order [20] value is
about 8%. For the 190T1(1, 2, 1, ω,−ω, ω) term, the agree-
ment between our values with the results of Ref. [20]
is much better for the 1S0 state than the
3P o0 state,
that dues to the calculations of dynamic hyperpolariz-
ability for the 3P o0 state involve much more intermedi-
ated states, and the completeness of intermediate states
is vital for the reliability of the calculations. Our recom-
mended values of 14γ0(ω) are for 8.2(2.0)× 10
5 a.u. and
−2.01(43)× 107 a.u. for the the 1S0 and
3P o0 states, re-
spectively, which differ by 4% and 30% from the values of
7.90(65)× 105 a.u. and −1.42(37)× 107 a.u. of Ref. [20].
The final recommended value for the differential hyper-
poalrizability 14∆γ0(ω) is −2.09(43)× 10
7 a.u., which is
mainly determined by the hyperpolarizability of the 3P o0
state.
The detailed comparison of the differential hyperpo-
larizabilitiy for the Sr atom is displayed in Fig. 2. It’s
seen that previous measurement value of −3.74×107 a.u.
[12] is not within the error bar of any theoretical and
experimental results. Two independent theoretical re-
sults between ours [−2.09(43)× 107 a.u.] and the Porsev
et al.’s [−1.5(4) × 107 a.u.] Ref. [20] are both in good
agreement with recent high-accuracy experimental value
of −2.10(7) × 107 a.u. [21] in RIKEN and the SYRTE
measurement of −2.01(45)×107 a.u. [23].
B. Comparison of the multipolar polarizabilities
and hyperpolarizabilities for the Mg clock
For the Mg atom, the dynamic multipolar polarizabil-
ities and hyperpolarizabilities for the 1S0 and
3P o0 clock
states at the 468.46(21) nm [26] magic wavelength are
also listed in Tables I and II, respectively. For the 1S0
state, the dynamic magnetic-dipole polarizability is seven
order of magnitude smaller than the dynamic electric-
quadrupole polarizability, and five order of magnitude
smaller than the magnetic-dipole polarizability of the
3P o0 state. The difference of magnetic-dipole polarizabil-
ities between the 1S0 and
3P o0 states is less than the
difference of electric-quadrupole polarizabilities, which
causes the final value of ∆αQM (ω) determined mainly
by the result of ∆αE2(ω). The dynamic hyperpolar-
izabilities for the 1S0 and
3P o0 states are respectively
1.64(21)× 106 a.u. and 4.36(55)× 107 a.u., so the differ-
ential hyperpolarizability is 4.20(59)×107 a.u.
There is only one comparable work about the multipo-
lar polarizabilities and hyperpolarizabilities for the Mg
atom, which is performed using the single-electron Fues
model potential approach [27]. It’s seen that both of
present values of ∆αQM (ω) and 14γ0(ω) are about twice
as large as the results of single-electron Fues model po-
tential approach [27].
C. The lattice light shifts for the Sr and Mg clocks
Using present differential polarizabilities and hyperpo-
larizabilities, we can evaluate the light shift as the detun-
ing δL and trap depth of U ≈ α
E1(ω)I changed according
to the Eq.(9) by assuming all the atoms trapped in the
nz = 0 vibrational state, seen Figs. 3 and 4. The values
of all the parameters in Eq.(9) for the Sr and Mg clocks
are listed in Table III. For the Sr clock, as the δL changed
from the red-detuning to blue-detuning, the influence of
the high-order Stark shift appears at larger laser intensi-
ties. On the contrary, for the Mg clock, as the δL from
the red-detuning changed to blue-detuning, the influence
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FIG. 3: (Color online) Lattice light shift of the Sr clock for
different detunings δL as the trap depth U increased.
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FIG. 4: (Color online) Lattice light shift of the Mg clock for
different detunings δL as the trap depth U increased. The blue
vertical lines show the position of operational magic intensity
of U = 5.3(1)ER for the detuning of δL = −11.9(1) MHz,
where the light shift is zero. The blue shaded area indicates
an uncertainty given by floating 0.1 MHz deviation on the
detuning for the blue line. Especially, the light shift variation
in the rectangle area is less than 1×10−18 over the trap depth
4.1ER < U < 6.4ER.
of the high-order Stark shift appears at smaller laser in-
tensities. It indicates that the elimination of the high-
order shift that connected with the hyperpolarizabilities
is much more important for the development of the Mg
lattice clock than the Sr clock.
Magic ellipticity is proposed to eliminate the high-
order effect of hyperpolarizability [19, 45], which existed
only when the signs of the differential hyperpolarizability
for the linearly and circularly polarized light are opposite.
However, for both of the Sr and Mg clock, the differential
TABLE III: The values of all the parameters in Eq.(9) for the
Sr and Mg clocks. The numbers in parentheses are compu-
tational uncertainties. The numbers in the square brackets
denote powers of ten.
Sr Mg
λm (nm) 813.427828(3)
a 468.46(21)c
ER (kHz) 3.47 37.9
ν0 (THz) 429
b 655c
αE1(ω) (a.u.) 293(17) 112(5)
αE1(ω) ( kHz
kW/cm2
) 54.9(3.2) 21(1)
∆αQM (ω) (a.u.) 2.68(94)[-5] 5.63(64)[-5]
∆αQM (ω) ( mHz
kW/cm2
) 5.02(18) 10.56(12)
1
4
∆γℓ0(ω) (a.u.) −2.09(43)[7] 4.20(59)[7]
1
4
∆γℓ0(ω)
[
µHz
(kW/cm2)2
]
−112(23) 224(32)
1
4
∆γc0(ω) (a.u.) −1.12(15)[7] 8.6(1.0)[6]
1
4
∆γc0(ω)
[
µHz
(kW/cm2)2
]
−60(8) 46(6)
∂∆αE1(ω)
∂ω
( 10
−10
kW/cm2
) 2.9(3) 4.1(2)
aRef. [21], bRef. [23], cRef. [26].
hyperpolarizabilities we obtain are −1.12(15)× 107 a.u.
and 8.6(1.0)× 106 a.u. at their magic wavelengths under
the circularly polarized light, which have the same sign
as their differential hyperpolarizability under the linearly
polarized light. It illustrates there is no magic ellipticity
existing for a direct cancelation of the high-order Stark
shift in both of the Sr and Mg clocks.
Recently, Ushijima et al. determine an operational
magic intensity for making the total shift canceled to
10−19 level in the Sr clock [21]. Similarly, we also use
(∂∆ν/∂U)|U=Uop = 0, which represents the light shift
insensitive to the trap depth, to determine the opera-
tional magic intensities Uop for the Sr and Mg clocks.
However, for the Sr clock in Fig. 3, we can not find the
two operational magic intensities of Uop = 72ER and
Uop = 28ER that predicted in Ref. [21]. The reason for
this dues to the discrepancy in ∆αQM (ω) between our
value and result of Ref. [21], especially the sign differ-
ence in ∆αQM (ω) would change the trends of each curve
in Fig. 3.
But for the Mg clock, seen from the Fig. 4, there exists
one distinctive operational condition of Uop = 5.3(1)ER
and δopL = −11.9(1) MHz that makes the variation of
total light shift reduced to less than 1 × 10−18 over the
trap depth 4.1ER < U < 6.4ER, which marked by a
blue rectangle. The blue shaded area is given by floating
0.1 MHz deviation on the detuning of δopL = −11.9 MHz
for the blue line. Present operational trap depth and its
allowable intensity range is feasible in experiments [26].
Therefore, the operational condition of Uop = 5.3(1)ER
and δopL = −11.9(1) MHz predicted in present work would
provide a reference to develop the Mg optical lattice at
10−18 level.
7IV. SUMMARY
We have developed the DFCP+CI method for the cal-
culations of the atomic structure properties for divalent
atoms. We carried out the calculations of the dynamic
magnetic-dipole, electric-quadrupole polarizabilities and
hyperpolarizabilities at magic wavelength for the 1S0 and
3P o0 clock states of the Sr and Mg clocks. For the dif-
ferential hyperpolarizability of the Sr atom, our result
of −2.09(43)×107 a.u. is in good agreement with the
theoretical value of S. G. Porsev et al. [20] and the mea-
surement results of Refs [21–23], but disagrees with the
zero value measured by JILA [12]. For the differential
multipolar polarizability of ∆αQM (ω), our result is con-
sistent with the value of S. G. Porsev et al. [20], but dif-
fer from the recent experimental measurement [21], even
the signs of the values are opposite. In addition, from
the study of the lattice light shift of the Sr clock, there
is no operational magic intensities around Uop = 72ER
and Uop = 28ER that predicted in Ref. [21]. The reason
for this dues to the discrepancy in ∆αQM (ω) between
present work and the measurement of Ref. [21]. These
discrepancies deserve further theoretical and experimen-
tal investigations on the multipolar polarizabilities of the
Sr clock.
For the Mg clock, present values of differential mul-
tipolar polarizability and differential hyperpolarizability
under the linearly polarized light are 5.63(64)×10−5 a.u.
and 4.20(59)×107 a.u. respectively, which are about
twice of the results that calculated by single-electron Fues
model potential approach [27]. Since the differential hy-
perpolarizabilities for the clock states under the linearly
and circularly polarized light has the same sign, that in-
dicates there no any operational magic ellipticity exists to
cancel directly the forth-order Stark shift of the Mg clock.
Furthermore, from the study of the lattice shift as the de-
tuning and trap depth changed, it predicts that there ex-
ists a distinctive operational condition of Uop = 5.3(1)ER
and δopL = −11.9(1) MHz that allows the total light shift
cancelled to less than 1 × 10−18 over the trap depth of
4.1ER < U < 6.4ER.
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The dipole polarizability α
(1)
core, quadrupole polarizability α
(2)
core of the core, and cutoff parameters for the Sr and
Mg atoms are listed in Table I. Table II presents the comparison of the energy for the Sr and Mg atoms between
present DFCP+CI calculations and NIST energy [1]. The biggest difference between present results and NIST energy
is 0.335% and 0.097% for Sr and Mg, respectively. Table III presents the static dipole polarizabilities of the ground-
state Sr and Mg atoms. Table IV presents the static dipole polarizabilities of the 5 3P o0 and 3
3P o0 states for the Sr
and Mg atoms, respectively. Table V presents the comparison of some reduced matrix elements for the Sr and Mg
clocks.
TABLE I: The dipole and quadrupole polarizabilities of core (in a.u.), and the radial cutoff parameters for different quantum
state of the Sr and Mg clocks.
ρκ
α
(1)
core α
(2)
core κ = −1 κ = 1 κ = −2 κ = 2 κ = −3
Sr 5.812 [2] 17.14 [2] 2.02950 1.94995 1.95360 2.35035 2.36185
Mg 0.489 [3] 0.5183 [4] 1.14195 1.15125 1.14350 1.34290 1.34635
*Email Address: ybtang@htu.edu.cn
†Email Address: lytang@wipm.ac.cn
2TABLE II: The energy (in cm−1) for the Sr and Mg clocks.
Sr Mg
State Present NIST [1] Diff. State Present NIST [1] Diff.
5s2 1S0 −134491.48 −134897.36 −0.301% 3s
2 1S0 −182762.10 −182938.66 −0.097%
5s6s 1S0 −104184.28 −104305.54 −0.116% 3s4s
1S0 −139387.35 −139435.34 −0.034%
5p2 3P0 −99511.11 −99703.93 −0.193% 3s5s
1S0 −130364.75 −130382.46 −0.014%
5P 2 1S0 −97619.69 −97737.14 −0.120% 3p
2 3P0 −126743.61 −126751.80 −0.006%
5s7s 1S0 −96347.02 −96453.36 −0.110% 3s7s
1S0 −125134.93 −125125.90 −0.007%
5s8s 1S0 −93816.62 −93845.05 −0.030% 3s8s
1S0 −124924.96 −124929.27 −0.003%
5s9s 1S0 −92285.67 −92300.80 −0.016% 3s9s
1S0 −123882.68 −123885.15 −0.002%
5s10s 1S0 −91375.90 −91385.20 −0.010% 3s10s
1S0 −123230.07 −123231.56 −0.001%
5s5p 3P0 −120241.53 −120579.86 −0.281% 3s3p
3P0 −160969.42 −161088.26 −0.074%
5s6p 3P0 −100953.10 −101043.88 −0.090% 3s4p
3P0 −135076.16 −135097.55 −0.016%
4d5p 3P0 −97533.06 −97605.30 −0.074% 3s5p
3P0 −128681.61 −128689.86 −0.006%
5s7p 3P0 −95471.60 −95485.70 −0.015% 3s6p
3P0 −125917.64 −125921.59 −0.003%
5s8p 3P0 −93174.39 −93185.32 −0.012% 3s7p
3P0 −124459.92 −124461.98 −0.002%
5s9p 3P0 −91904.58 −91911.51 −0.008% 3s8p
3P0 −123595.49 −123596.17 −0.001%
5s5p 3P1 −120066.55 −120393.03 −0.271% 3s3p
3P1 −160949.30 −161068.20 −0.074%
5s5p 1P1 −113209.78 −113198.92 −0.010% 3s3p
1P1 −147885.07 −147887.40 −0.002%
5s6p 3P1 −100941.97 −101029.05 −0.086% 3s4p
3P1 −135072.85 −135094.26 −0.016%
5s6p 1P1 −100754.48 −100798.97 −0.044% 3s4p
1P1 −133590.02 −133591.94 −0.001%
4d5p 3D1 −98662.01 −98633.22 −0.029% 3s5p
3P1 −128680.32 −128688.58 −0.006%
4d5p 3P1 −97520.99 −97594.64 −0.075% 3s5p
1P1 −128231.04 −128232.13 −0.001%
5s7p 1P1 −95944.97 −95990.51 −0.047% 3s6p
3P1 −125917.00 −125920.95 −0.003%
5s5p 3P2 −119696.91 −119998.82 −0.252% 3s3p
3P2 −160908.96 −161027.49 −0.074%
4d5p 3F2 −101482.42 −101630.52 −0.146% 3s4p
3P2 −135066.16 −135087.51 −0.016%
4d5p 1D2 −101006.28 −101070.47 −0.064% 3s5p
3P2 −128677.70 −128685.94 −0.006%
5s6p 3P2 −100843.28 −100924.30 −0.080% 3s4f
3F2 −128261.89 −128262.01 −0.0001%
4d5p 3D2 −98545.47 −98515.62 −0.030% 3s6p
3P2 −125915.69 −125919.65 −0.003%
4d5p 3P2 −97484.48 −97560.78 −0.078% 3s5f
3F2 −125734.49 −125734.44 −0.00004%
5s4f 3F2 −96142.22 −96146.95 −0.005% 3s7p
3P2 −124458.81 −124460.91 −0.002%
5s4d 3D1 −116417.74 −116738.33 −0.275% 3s4s
3S1 −141729.94 −141741.27 −0.008%
5s6s 3S1 −105819.31 −105858.60 −0.037% 3s3d
3D1 −134977.14 −134981.61 −0.003%
5s5d 3D1 −99792.66 −99890.46 −0.098% 3s5s
3S1 −131062.36 −131066.14 −0.003%
5p2 3P1 −99310.15 −99497.26 −0.188% 3s4d
3D1 −128744.92 −128746.34 −0.001%
5s7s 3S1 −97457.80 −97472.69 −0.015% 3s6s
3S1 −127045.31 −127046.87 −0.001%
5s6d 3D1 −95168.98 −95211.54 −0.045% 3s5d
3D1 −125969.90 −125970.40 −0.0004%
5s4d 3D2 −116359.19 −116678.58 −0.274% 3s3d
1D2 −136501.02 −136535.61 −0.025%
5s4d 1D2 −114362.94 −114747.68 −0.335% 3s3d
3D2 −134977.05 −134981.64 −0.003%
5s5d 1D2 −100039.09 −100169.92 −0.131% 3s4d
1D2 −129788.49 −129804.03 −0.012%
5s5d 3D2 −99778.03 −99875.38 −0.097% 3s4d
3D2 −128744.91 −128746.38 −0.001%
5p2 3P2 −99040.99 −99222.73 −0.183% 3s5d
1D2 −126623.16 −126630.29 −0.006%
5p2 1D2 −97769.91 −97936.53 −0.170% 3s5d
3D2 −125969.90 −125970.42 −0.0004%
3TABLE III: Contributions to the static dipole polarizability (in a.u.) of the ground state for the Sr and Mg clocks.
Sr Mg
Contribution Present Ref. [5] Contribution Present Ref. [6]
5s2 1S0 → 5s5p
1P o1 189.947 187.4 3s
2 1S0 → 3s3p
1P o1 68.021
5s2 1S0 → 5s5p
3P o1 0.234 0.25 3s
2 1S0 → 3s4p
1P o1 2.069
5s2 1S0 → 5s6p
1P o1 0.236 0.34 3s
2 1S0 → 3s5p
1P o1 0.357
5s2 1S0 → 4d5p
1P o1 0.976 0.95 3s
2 1S0 → 3s6p
1P o1 0.118
Remainder 4.813 4.60 Remainder 0.431
Valance 196.206 193.54 Valance 70.996
Core 5.812 5.29 Core 0.489
Total 202.018 198.9 Total 71.485 71.251
TABLE IV: Contributions to the static dipole polarizability (in a.u.) of the 5 3P o0 state and 3
3P o0 state for the Sr and Mg
clocks, respectively.
Sr Mg
Contribution Present Ref. [5] Contribution Present Ref. [6]
5s5p 3P o0 → 5s4d
3D1 290.162 280.2 3s3p
3P o0 → 3s4s
3S1 17.911
5s5p 3P o0 → 5s6s
3S1 39.850 38.6 3s3p
3P o0 → 3s3d
3D1 44.300
5s5p 3P o0 → 5s5d
3D1 42.700 42.8 3s3p
3P o0 → 3s5s
3S1 0.854
5s5p 3P o0 → 5p
2 3P1 48.932 47.6 3s3p
3P o0 → 3s4d
3D1 5.778
5s5p 3P o0 → 5s7s
3S1 1.734 1.69 3s3p
3P o0 → 3s5d
3D1 1.843
5s5p 3P o0 → 5s6d
3D1 7.855 7.8 3s3p
3P o0 → 3p
2 3P1 23.056
Remainder 28.766 29.1 Remainder 7.096
Valance 459.999 447.79 Valance 100.838
Core 5.812 5.55(6) Core 0.489
Total 465.811 453.4 Total 101.327 100.922
TABLE V: The reduced matrix elements (in a.u.) for the Sr and Mg clocks. The fourth column is the difference between
present values and the values of Ref. [5] for the Sr atom. The last column is the difference between present values and the
values of Ref. [1] for the Mg atom.
Sr Mg
Transition Present Ref. [5] Diff. Others Transition Present Ref. [1] Diff.
5s2 1S0 → 5s5p
1P o1 5.307 5.272 0.66% 5.248(2)
a 3s2 1S0 → 3s3p
1P o1 4.037 4.112 −1.82%
5s2 1S0 → 5s5p
3P o1 0.152 0.158 −3.80% 0.151(2)
b 3s2 1S0 → 3s4p
1P o1 0.835 0.868 −3.80%
5s2 1S0 → 5s6p
1P o1 0.235 0.281 −16.4% 0.26(2)
c 3s2 1S0 → 3s5p
1P o1 0.365 0.380 −3.95%
5s5p 3P o0 → 5s4d
3D1 2.760 2.712 1.77% 2.5(1)
d 3s3p 3P o0 → 3s4s
3S1 1.539 1.516 1.52%
5s5p 3P o0 → 5s6s
3S1 2.002 1.970 1.62% 2.03(6)
e 3s3p 3P o0 → 3s3d
3D1 2.811 2.735 2.78%
5s5p 3P o0 → 5s5d
3D1 2.457 2.460 −0.12% 2.3(1)
f 3s3p 3P o0 → 3s5s
3S1 0.419 0.432 −3.00%
5s5p 3P o0 → 5p
2 3P1 2.655 2.619 1.37% 2.5(1)
f 3s3p 3P o0 → 3s4d
3D1 1.130 1.164 −2.92%
5s5p 3P o0 → 5s7s
3S1 0.523 0.516 1.36% 0.61(2)
f 3s3p 3P o0 → 3s5d
3D1 0.665 0.670 −0.75%
5s5p 3P o0 → 5s6d
3D1 1.167 1.161 0.52% 3s3p
3P o0 → 3p
2 3P1 2.381 2.405 −1.00%
aRef. [7], bRef. [8], cRef. [9], dRef. [10], eRef. [11], fRef. [12], gRef. [1].
From Table V, it is seen that for the Sr clock, the difference for all the reduced matrix elements between our results
and the values of Ref. [5] are within 2% except the 5s2 1S0 → 5s5p
3P o1 and 5s
2 1S0 → 5s6p
1P o1 transitions. For the
Mg clock, the difference for all the reduced matrix elements between our results and the values of Ref. [1] are within
3% except the 3s2 1S0 → 3s4p
1P o1 and 3s
2 1S0 → 3s5p
1P o1 transitions. However, from Table III, we can see that the
contributions from both of 5s2 1S0 → 5s5p
3P o1 and 5s
2 1S0 → 5s6p
1P o1 transitions to the ground-state polarizability
of the Sr clock are about 0.12%, which are much smaller than the 94% contribution from the 5s2 1S0 → 5s5p
1P o1
transition. Similarly, the contributions from both of 3s2 1S0 → 3s4p
1P o1 and 3s
2 1S0 → 3s5p
1P o1 transitions to the
ground-state polarizability of the Mg clock are much smaller than the 95% contribution from the 3s2 1S0 → 3s3p
1P o1
transition. This indicates the large difference in the above four reduced matrix elements between our values and other
results has little effect on the final polarizability. Therefore, we introduce ±3% fluctuation into all the reduced matrix
4elements to give the error bar of multipolar polarizabilities and hyperpolaribilities for both of the Sr and Mg clocks.
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